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Abstract 

We derive the spectrum of the Laplace-Beltrami operator on the 
quotient orbifold of the non hyperbolic triangle groups. 



1 Introduction 

We define the triangle groups 

T(p,q,r) = {a,P\aP = ^ = (a(3) r = e) (1) 

where p, q and r are integers strictly greater than one. Those triangle groups 
for which 

1 1 1 
-+-+-< 1 

p q r 

can be realised as discrete groups acting on the hyperbolic plane. The prob- 
lem of finding the spectrum of the Laplace-Beltrami operator on the resulting 
quotient is, despite much effort, unsolved. The Selberg zeta function [13] . 
the non trivial zeroes of which correspond to the eigenvalues of the Lapla- 
cian, may be used to deduce some properties of the spectrum; however, it 
seems unlikely it may be used to find points on the spectrum. Currently, 
the only way to find eigenvalues is to numerically calculate the eigenmodes 
for the selected quotient space [5] (although Maass [8] , who was first to con- 
sider this problem, was able to deduce some eigenvalues for a particular non 
co-compact group). 

Here we will consider the non hyperbolic triangle groups, ie. those groups 
for which the above sum is greater than or equal to one. For the case of 
the above sum strictly greater than one the triangle group may be realised 
as a discrete group acting on the sphere, we refer to the triangle group as a 
spherical triangle group. If the sum is equal to one the triangle group may 
be realised as a discrete group acting on the plane and we refer to the group 
as an euclidean triangle group. It is perhaps not very surprising that for all 
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of these non hyperbolic triangle groups the spectrum of the Laplacian on 
the resulting quotient space may be calculated explicitly. 
In principle the Selberg zeta function associated to these triangle groups 
may be used to find the spectra. Our approach, we believe, emphasises 
the geometry of the problem. It appears that for each non hyperbolic tri- 
angle group we may easily calculate the spectrum of a normal torsion free 
subgroup (choosing the torsion free subgroup maximal is advisable). This 
subgroup is only non trivial for the euclidean triangle groups. It is then 
an easy step to find the spectrum of the original group by calculating the 
character of the representation of the quotient. 

2 Enumeration of the non hyperbolic triangle groups 

We consider first the spherical triangle groups. Assuming p < q < r we see 
that p must be 2 so that q is 2 or 3. For q = 2 we get the infinite family 
{T(2, 2, n)} n=2 . For q = 3 there are only three possibilities giving us the 
following spherical triangle groups 

{r(2,2,n)}<r 2 , T(2,3,3), T(2,3,4), T(2,3,5). 

For the euclidean groups we again take p < q < r so that p must be 2 
or 3. In the first case q < 4 which gives (q, r) G {(2, oo), (3,6), (4,4)}. In 
the second case q < 3 which gives (q,r) = (3,3). This gives the euclidean 
triangle groups 

r(2,2,oo), r(2,3,6), T(2,4,4), T(3,3,3). 

We will not consider the non co-compact case here apart from to observe 
that in the limit n — ► oo, T(2, 2, n) — ► T(2, 2, oo) goes to the non co-compact 
euclidean triangle group. If we scale the radius of the sphere so that in the 
limit n — > oo we approach the plane it is an easy exercise to see that the 
spectra of T(2, 2, n) accumulate to the continuous spectrum of T(2, 2, oo). 

3 The spherical triangle groups 

For the spherical triangle groups the torsion free subgroup is trivial, ie. 
the identity. The eigenfunctions invariant with respect to this group are 
of course the eigenfunctions on the sphere which are written in terms of 
associated Legendre functions 

where I G {0, 1, . . .} and m G {—/,..., /}. The corresponding eigenvalue is 

Xi = 1(1 + 1). 

In this section we denote by H e (\i) the 21 + 1-dimensional eigenspace on the 
sphere corresponding to the eigenvalue A; = /(/ + 1). 

We will see that in the case of the spherical triangle groups the description 
of the spectrum reduces to studying the character of the representation of 
the particular triangle group on the space of eigenfunctions on the sphere. 
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3.1 T(2,2,n) 

The triangle groups T(2, 2, n) are of course the dihedral groups A n . For this 
family we may explicitly calculate the eigenfunctions in terms of Legendre 
functions using the fact that the period m should be a multiple of the 
order n. Instead we use the representation theory of T(2, 2, n) as this is the 
approach we use for the other spherical groups and to a lesser degree for the 
euclidean groups. 
We consider the projection 

1 v ' ' n 7er(2,2,n) 

in H e {\i). Since we sum over T(2,2,n) this eigenfunction will clearly be 
invariant with respect to T(2, 2, n), ie. P(\i) is the identity on the eigenspace 
invariant with respect to T(2,2,n) which is certainly contained in H e (\{). 
This means that the multiplicity function ht{M) of the eigenvalue A; for the 
group T(2, 2, n) is 

MA/) = rank(P(A / )) = tr (P(A,)) . 

For 7 S r(2, 2,n) C SU{2) we can write 7 acting on H e (Xi) as a matrix in 
terms of the basis {ipi,m} m= -i of H e {\i). The components of this matrix 
can be found explicitly using the matrix elements of the regular represen- 
tation of SU(2) p3j. However, all we need is the trace, or character of the 
representation, which ([H], pg 170) is constant under conjugacy so depends 
only on the angle x of rotation due to 7 through 

bill 2 

We use 7(A;) to indicate that we are considering the action of the rotation 
on functions in the space H e (Xi). Consequently 

M a,) = tl(P(m = —!— E *■(' + »* 

r(2,2,n) sm# 



if , w ^sin(2/ + l)^\ 

\ s =l n / 



Here we use the fact that T(2,2,n) has 2n elements; an element of order n 
plus n rotations of order two. 

We can simplify this expression for the multiplicity by using the formula of 
Eisenstein [2] 



Z \ \ 1 Z-k ( 2lsir\ fSTT\ 



nil 2n ^— ' \ n J \ n 

s=l 



where 

0C L*^J 2 X ^ 



((*)) 



x £ 
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and [x\ is the largest integer less than x. Writing the trigonometric sum 
which appears in the multiplicity as 



n-l 

E 

8=1 



sin (21 + 1) 



n 



n-l 

E 

s=l 



2/s7r\ / S7T\ / 2ZS7T 

sin I cot — + cos 

n I \ n J \ n 



and using §S§ we arrive at the following simpler expression for the multiplic- 
ity 

! + (-!)< 



+ 



We note that the formula for the multiplicity can also be simplified using 
the above mentioned description of the spectrum of the dihedral family in 
terms of associated Legendre functions. 



3.2 r(2,3,3) 

It is clear that r(2, 3, 3) = A4, the pure rotation symmetry group of the 
tetrahedron. We consider the projection P(\i) in H e (Xi) defined as in ([2]) 
by a sum over r(2,3, 3). Again the multiplicity function will be the trace 
of this projection. Using the fact that T(2, 3, 3) has three elements of order 
two and four elements of order three, for a total of twelve elements, along 
with @ we evaluate the trace as 




2Z + l + (-l)'3 + 4j] 



sin (21 + 1) 4f 



sin ■ 



+ 



3 + (-D 



21 



In the last line we use dH) to simplify. 
3.3 T(2,3,4) 

It is clear that T(2,3,4) = £4, the pure rotation symmetry group of the 
cube and octahedron. Analogous to ([2]) we define the projection P(\i) onto 
the eigenspace invariant with respect to T(2,3,4) and calculate the trace 
using ([3]). Using the fact that T(2,3,4) has six elements of order two, four 
elements of order three and three elements of order four for a total of twenty 
four elements we get the multiplicity function 



Mr(Az 



if , Asin(2Z + l) 

\ s=l J 



.S"7T 

3 



+ 3E 



sin (21 + 1) 



-S7T 

4 



8=1 



sm : 



I 




I 




+ 




CO 


_4_ 



+ 



3 + (-!)' -21 



3.4 T(2,3,5) 

It is clear that T(2,3,5) = the pure rotation symmetry group of the 
dodecahedron and icosahedron. Analogous to ^ we define the projection 
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P(Xi) onto the eigenspace invariant with respect to T(2,3,5) and calculate 
the trace using ([3]). Using the fact that T(2, 3,5) has fifteen elements of 
order two, ten elements of order three and six elements of order five for a 
total of sixty elements we get the multiplicity function 



/^r(Aj) = 




, w Asin(2/ + l)4f * sm(2Z + l)f' 

S—l 8=1 / 

| 3 + (-1)' -21 



I 




I 




+ 




3 
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4 The euclidean triangle groups 

Here the normal torsion free subgroups are a little more interesting. We will 
see that the spectrum can be most simply described by choosing a maximal 
subgroup. In this section we ignore the A = eigenvalue which will always 
have multiplicity one. 



4.1 T(2,3,6) 

We know that this group generates an action on the plane with fundamental 
domain which is an equilateral triangle — we assume that the triangle has side 
length 47r/3. Using the presentation (pQ) we consider the elements 

T = (a(3fa, a = (a(3) 2 (3. 

In terms of the group action on the plane these elements are both translations 
so that the group generated by them, 

T(2,3,6) = (r.r-V,*- 1 ) , 

is torsion free. Furthermore, 

oltoT 1 = r -1 , /3T/3" 1 = t _1 <7 

aaor x = a^ 1 , I3a[3~ l = r _1 

so that T(2, 3, 6) < T(2, 3, 6). The quotient may be identified with 

T(2, 3, 6)/T(2, 3, 6) = 5(2, 3, 6) = {e, 7 , 7 2 , . . . , 7 5 } , 

where 7 = aft. This follows since T(2, 3, 6) n S(2, 3, 6) = {e} and the join 

T(2, 3, 6) V 5(2, 3, 6) = T(2, 3, 6) , 

which in turn follows if we observe that a fundamental domain of T(2, 3, 6) is 
the hexagon while 5(2, 3, 6) permutes the fundamental domains of T(2, 3, 6) 
in the hexagon. 

We first solve the spectral problem for T(2,3,6): we find eigenfunctions of 
the Laplacian 

_ /av + _ x ^ 

\ dx 2 dy 2 J 
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on the hexagonal lattice, ie. subject to 

^(r z) = V {x + -^L, y^j = VO, y) 

^(cr z) = V ^ + y + 2tt^ = V(a;, y) ■ 

By a standard result we obtain a complete list of the eigenfunctions in 
the form exp {i{ax + by)) where (a, b) lies in the lattice dual to T(2,3, 6). 
Explicitly, the eigenfunctions are 

ipm,n(x, y) = exp ^ (y3mx + (2n + m)y 
with corresponding eigenvalue 

A m ,n = itt 2 + n 2 + mn 

with (m,n) £ Z 2 . Using some number theory [B] we immediately have the 
multiplicity function for T(2, 3, 6) 

^t(A) = # { (m, n ) £ Z 2 | A = m 2 + n 2 + mn } 
= 6(d li3 (A)-d 2 , 3 (A)) . 

Here d r ^ s (N) is the number of divisors of N which are equivalent to r mod 
s. 

Let us denote by Ht{\) the UT(A)-dimensional eigenspace of T(2,3,6) cor- 
responding to eigenvalue A. We consider the projection 

1 V ' ' 'I 7 e5(2,3,6) 

in Ht(\) where the sum is now over the quotient group. Using T(2,3, 6) = 
T(2, 3, 6) V 5(2, 3, 6) and T(2, 3, 6) < T(2, 3, 6) it is not difficult to see that 
P(\)ip is an eigenfunction which is invariant with respect to T(2,3, 6). As 
above P(\) is unity on the eigenspace of T(2, 3, 6) which is certainly a sub- 
space of Ht(\) so that tr(P(A)) = rank(P(A)) = ur(A) is the multiplicity 
function for the group T(2, 3, 6). 

Calculating the trace of P(X) is a little easier than above: we consider the 
action of the 2ir/Q rotation 
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1 V3 

2 2 
V3 1 

2 2 



on the basis ifi m ,n °f -^r(A). It is easy to see that 7*, for i =k 0mod(6), 
permutes the basis elements ip m ,n so as a matrix it will only have zeroes on 
the diagonal. Consequently, the trace of P(X) will just be the trace of the 
identity divided by the order of 5(2, 3, 6) or 

«r(A) = -Ut(A) = di, 3 (A) - a? 2 ,3 (A) . 
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4.2 T(2,4,4) 

Here the fundamental domain is a square which we assume to have side 
length 7T. Using the presentation ([I]) we consider the torsion free subgroup 
T(2, 4, 4) generated by the translations 

r = (3 2 a , a = (aj3) 2 a . 

Since 

aToT 1 = t~ 1 , [3t(3~ 1 = a 

aaaT x = er -1 , (3a(3~ l = r _1 

T(2, 4, 4) is a normal subgroup with, for the same reasons as above, quotient 

r(2,4,4)/T(2,4,4) = 5(2,4,4) = {e, 7 ,7 2 ,7 3 } , 

where again j = a/3. 

The spectral problem for T(2, 4, 4) amounts to finding eigenfunctions on the 
square lattice, ie. subject to 

tP(t z) = tp (x + 2vr, y) = ip(x, y) 
^(cr z) = Tp(x,y + 2vr) = ip(x, y) . 

The eigenfunctions and eigenvalues for T(2,4, 4) are then 

ipm,n(x,y) = expi(mx + ny) 
A m , n = m 2 + n 2 

with (m,n) G Z 2 . Again pQ we immediately have the multiplicity function 
forT(2,4,4) 

MT (A) = #{( m ,n) G Z 2 | A = m 2 + n 2 } 
= 4(di,4(A)-d 3 ,4(A)) . 

Returning to the original triangle group we see that, as described above, the 
multiplicity function for T(2,4,4) can be found from the trace of the pro- 
jection -P(A) defined as in ([5]) by taking the sum over the quotient 5(2, 4, 4). 
Once again, the matrix of 7*, for i ^ 0mod(4), in the basis ^ m>n will only 
have zeroes on the diagonal. Consequently, the trace of P(X) will just be 
the trace of the identity divided by the order: 

Mr(A) = ^t(A) = di,4 (A) - d 3j4 (A) . 

4.3 T(3,3,3) 

The fundamental domain of T(3, 3, 3) consists of a rhombus with acute angle 
7r/3. We assume the side of the rhombus has length 47r/3. Using ([T]) we 
define the translations 

t = (3 2 a , a = a(3a . 



7 



The group T(3, 3, 3) generated by these translations is normal in T(3, 3, 3) 

araT 1 = T~ 1 a , /?t/3 _1 = t~ x o 

okjoT x = r^ 1 , (3af3~ l = r _1 

with quotient 

r(3,3,3)/T(3,3,3) = 5(3,3,3) = {e, 7 , 7 2 } . 

It is useful for us to observe that T(3, 3, 3) and T(2, 3, 6) are the same group 
(r(3, 3, 3) is a subgroup of T(2, 3, 6) and both have the same maximal sub- 
group generated by translations). Consequently, T(3, 3,3) has the same 
eigenf unctions, eigenvalues and in particular multiplicity function 

/ UT(A) = 6(d 1 , 3 (A)-d 2 ,3(A)) . 

as T(2,3,6). 

The projection P(X) is a sum over 5(3, 3, 3) which is a subgroup of 5(2, 3, 6) 
and as we ascertained above the matrix elements for the terms of this sum 
7*, for i ^ 0mod(3), will only have zeroes on the diagonal. Consequently, 
the multiplicity function for T(3, 3, 3) is 

MA) = ^t(A) = 2 (di, 3 (A) - d 2 , 3 (A)) . 

It is not difficult to see that the spectral problem for the T(3, 3, 3) triangle 
group is equivalent to solving the two eigenvalue problems for the Laplacian 
on the equilateral triangle with Neumann and Dirichlet boundary condi- 
tions. This problem has been considered by many authors QUI [TTJ H2] 
right back to Lame [7]. 

It seems that the approach to this problem most similar to our approach is to 
be found in the papers by Pinsky. In pUllll| the author, in effect, considers a 
subgroup of translations which is not maximal — it has fundamental domain 
consisting of nine copies of the fundamental domain of T(3,3, 3). Conse- 
quently his description of the spectrum is a little more complicated (hence 
the comment above that it is beneficial to consider the maximal torsion free 
subgroup). The reason for this extra complication is that an important issue 
in all of the cited papers is to distinguish between Neumann and Dirichlet 
eignevalues. 

5 Summary 

In table [T] we summarise the multiplicity functions for each of the (co- 
compact) non hyperbolic triangle groups. Subject to the normalisations 
given above the spectrum is always a subset of the integers, in the case of 
the spherical triangle groups of the form A/ = 1(1 + 1), I £ {0, 1, . . .}. We 
also note that, in the case of the euclidean groups, /i(0) = 1, the multiplicity 
at zero is always one. 

We do not attempt to explicitly calculate the eigenfunctions here apart 
from to state that, in the case of the euclidean groups, they can always be 
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i \z, z, ri) 


u (XA - 1 + 




_o i | 3+(-i)'-a 

— z L 3 J + 4 


rf9 ^ 


H-K^l) — l 3 ] T [ 4 J T 4 


r(2,3,5) 


= LsJ + LsJ + 3+( "P 


r(2,3,6) 


/z(A) = di, 3 (A) - d 2 , 3 (A) 


r(2,4,4) 


/x(A) = d M (A) - d 3>4 (A) 


r(3,3,3) 


^(A) = 2(d 1 , 3 (A)-d 2 , 3 (A)) 



Table 1: Multiplicity functions of the spherical and euclidean triangle 
groups. 



calculated from the eigenfunctions of the appropriate torus by applying the 
finite sum ([5]) over the associated quotient group. In the case of the spher- 
ical triangle groups we have noted that the eigenfunctions of the dihedral 
groups may be explicitly calculated in terms of associated Legendre func- 
tions. Then we may use the fact that T(2, 2, 2) < T(2, 3, 3) < T(2, 3, 4) and 
r(2,3,3) C T(2,3,5) to write the eigenfunctions of T(2,3,3), T(2,3,4) and 
r(2, 3, 5) as finite sums of eigenfunctions of the preceding group in the list. 
Of some independent interest are the high energy asymptotics of the count- 
ing function 

A 

iV r (A) = J> r (A), 

A 

the so called Weyl asymptotics. In the case of the spherical triangle groups 
these can be calculated explicitly. To do this we start with the dihedral 
family T(2, 2,n) for which we can explicitly calculate the counting function 



N T (2,2,n)(L) = 1 + 



+ (L - n + 1) H h (L - kn + 1) + 



Here we should recall that the eigenvalue is related to L by A = L{L + 1). 
This implies that the oscillating term 

^ sin(2Z + l)f 

sin se 

s=l n 

which appears in the multiplicity function of each of the other spherical 
triangle groups, remains bounded when we sum over I. Consequently, the 
counting functions for the remaining spherical triangle groups have the fol- 
lowing asymptotic form 



(L + l 



\2 



Nr { 2,s,3)(L) = v 12 ' +Q(1) 
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^Yr(2,3,4) (L) = 



The euclidean triangle groups are unfortunately not so simple. From ge- 
ometric considerations it is clear that the first term in the asymptotic ex- 
pansion will be ^A for T(2, 4, 4) (the square lattice) and J^ s ^ A for T(2, 3, 6) 

and r(3, 3, 3) (the hexagonal lattice) where S is the quotient of the triangle 
group by its torsion free subgroup. The next term is the subject of a difficult 
open conjecture in analytic number theory 0], suffice to say that we do 
not even know the order of this term (it is conjectured to be 0(\± +t )). 
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